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ABSTRACT

We investigate the thermo-magnetic properties of the Attractive Radial Potential
(ARP) for a particle moving in two-dimensional non-relativistic Schrodinger
equation subjected to an external magnetic field and Aharonov-Bohm (AB) flux.
Analytical solution for the energy eigenvalues and wavefunctions were obtained
in a closed form via the Nikiforov-Uvarov Functional Analysis (NUFA) method.
We derived the partition function by analyzing the system as a canonical
ensemble to obtain the expressions for the thermodynamic quantities which
include the free energy, entropy, specific heat capacity and internal energy. Our
results show a decrease in the energy spectrum when the AB flux and magnetic
fields are increased. At low temperatures, specific heat capacity shows a peak
anomaly, while Helmholtz free energy and entropy exhibit temperature
dependence. We also observed that AB flux and magnetic field influence both
magnetization and magnetic susceptibility and exhibit both paramagnetic and
diamagnetic behavior. The findings provide valuable insights into in molecular
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Aharanov-Bohm flux. physics applications.

INTRODUCTION

The various potential models with in the solution of
wave equations is important in the study of physics, as
their solutions provide essential imformation into
physical systems and phenomena (Greiner 2000;
Landau 1977; Schiff 1995; Dirac 1958; Louis et al.,
2018). The understanding of particle behavior under
different conditions can be utilized through these
solutions. Numerous potential models to study various
physical interactions have been introduced and
employed by researchers over the years (Abu-Shady &
Fath-Allah 2023; Serrano et al., 2010). These potentials
are dependent of inter-particle distance and specific
potential parameters that govern the nature of the
interaction (Khordad & Mirhosseini 2015). But, a
limited number of these potential models, such as the
harmonic oscillator potential, the Coulomb potential and
Kratzer potential, can give exact analytical solutions
(Servatkhah et al., 2020). Where exact solutions cannot
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be utilize for nonzero angular momentum quantum
numbers, the Greene and Aldrich method approximation
techniques (Greene & Aldrich 1976) or the Pekeris
approximation (Pekeris 1934) are employed. To derive
the equation for exponential type potentials in two-
dimensional system several analytical techniques have
been utilized. These include the factorization method
(Dong 2007; Ikot et al., 2020), the Nikiforov-Uvarov
(NU) method (Nikiforov & Uvarov 1988), the
asymptotic iteration method (AIM) (Cift¢i et al., 2005;
Bayrak et al., 2007), the NU functional analysis
(NUFA) method (Ikot et al., 2021), exact quantization
rules (Qiang & Dong 2010; Serrano et al., 2011 ),
supersymmetric quantum mechanics, and the extended
Nikiforov-Uvarov (ENU) approach (Karayer 2020;
Karayer et al., 2015).

The Attractive Radial Potential (ARP), is one of the
interesting potential model introduced by Williams and
Poulios, (1993) given in the form:
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Researchers have explored this exponential-type

potential with four parameters under both relativistic
and non-relativistic frameworks (Eshghi & Hamzavi
2012). The bound-state solutions of these potential, as
well as its quantum information measures such as
information energy, Rényi entropy, and Tsallis entropy,
and scattering phase shifts in higher dimensions has
been explored from previous research (Okorie et al.,
2021). Notably, the Attractive Radial Potential (ARP)
exhibit inter-dimensional degeneracy symmetry in the
scattering phase shifts (Okorie et al., 2021).

In quantum mechanics, the external fields have played a
fundamental role to influence the energy spectra through
the effects such as Zeeman splitting and the Stark effect
(Ikot et al., 2020). The degeneracies or induce spectral
shifts, significantly altering a system's behavior can be
lift by these fields. Researchers recently explored the
impact of magnetic and AB flux fields in various
quantum systems, such as the position-dependent mass
Schrédinger equations (Ikot et al., 2020), and diatomic
molecules under Aharonov-Bohm (AB) flux and
magnetic fields (Edet et al.,, 2020). It is of these
developments that, this research investigates the
influence of AB flux and magnetic fields on the
Attractive Radial Potential (ARP) model.

However, investigating the thermal and magnetic
properties of quantum systems has attracted significant
attention by researchers (Okorie et al., 2019; Okorie et
al., 2020). Properties such as entropy, internal energy,
free energy, magnetization, and susceptibility provide
crucial insights into system behavior under different
conditions. While previous studies have examined these
properties for various potentials (Ikhdair & Falaye
2014), there has been no comprehensive investigation of
the impact of magnetic and AB fields on an attractive
radial potential.

In this work, we extend the study of the ARP model by
investigating its thermo-magnetic properties influenced
by magnetic field and AB flux field. Applying the
Nikiforov-Uvarov functional analysis (NUFA) method,
Closed-form solutions for the energy spectrum equation
and the corresponding wavefunctions are derived. We
further apply the energy spectrum to analyze the
behavior of thermo-magnetic quantities, including the
partition function, entropy, internal energy, free energy
and specific heat capacity.,

Solution of Non-relativistic Schrodinger equation with
ARP model subject to AB flux and magnetic fields

Let’s assume a non-relativistic system of particles to
move on a plane under the effect of ARP subject to both
external magnetic field and Aharonov-Bohm (AB) flux
field, perpendicular to the plane. Then, the stationary
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Schrodinger equation to investigate the system in polar
coordinates takes the form (Eshghi et al., 2017);

ﬁZ

w0 #) = [Enm —VIOIP(r, ¢) 2

where E,,, denote the energy eigenvalue, u represent
the reduced mass. This work is aimed to study the
physical characteristic of the system using ARP as given
in Equation (1). Accordingly, with this assumption, the
momentum operator for the charged particle needs to be
altered, and we apply a minimal coupling of a four-
vector to the operator in the following manner:

P = (in? + £4) 3)

In order to incorporate both the magnetic and
Aharonov-Bohm flux fields, the vector potential is
written as a combination of two azimuthal terms. 4 =
ffl + /TZ . Let’s assumed

A =(E5)é @)

This gives the external magnetic field only with the

Be—zar

1_e—2ar

azimuthal component by the well-known formula¥ x
Al = B. To indicate Aharonov-Bohm (AB) flux@gg.
We use

s PAB\ 7

This satisfies the condition V X A, = 0andV - A, = 0.

Henceforth, the total vector potential can be expressed
as reported by (Falaye et al., 2016; Edet et al., 2020)
A= (0 _BeT24T + ‘Dﬂ) é ©)
"(1-e—2ary © 2m;r
For stationary Schrodinger equation to be solved the
eigenfunction in the cylindrical coordinates is assumed
using the ansatz;
Y0, @) = Z=e™ Ry (1, $) @)
where m gives the magnetic quantum number and ¢is
the azimuth angle. With equation (1), (3), (6) and (7)
into equation (2). The radial second-order differential
equation is obtained:
R'(r) + 25 [Enm = Vers (r, 05, Cap) [R(r) = 0

®)
where V,zr(r, B, ®45) represent the effective potential,
expressed as:

Veff(r: wg,{ap) = V() —

hwg(m+{ap)e 2"

(1—e=2aM)r

(nwd)e=ter | 1((m+2ap)’—3) 10

2(1-e~2a7)2 @ur? (10)

where (a5 = Z4E | with ¢, = 2mhe _ e, = —¢ and
Po e c

wp = —%being the cyclotron frequency. To take care

of centrifugal term we employed the Greene - Aldrich
approximation scheme (Greene & Aldrich 1976), that
valid only for small screening parametera.
1 40?2 1 2a

T_Z ~ (1_e—za1')2 ’ ; ~ (1_e—zar)

(an
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Let consider coordinate transformation of the formx = e~2%", to bypass the centrifugal term and performing some
straightforward algebraic simplification, equation (8) reduced to:

_(snm + 60 + Th)xz

+(2&pm — 61 —Mo)x[R(x) =0 (12)

—(&nm + 62 +12)

The following dimensionless notation is introduced for simplification:

d?R(x) , (1-x) dR(x) 1
dx? x(1-x) dx x2(1-x)2

e - HEwm o _ Ko _ _Hbo _ Koo

" 2h2a2’° thzazz' YU 2n2a2’ T 212’
Uo=%ﬁ'n1=%'ﬂz=(m+€43)z_% (13)
To solve equation (12) we define the ansatz:

R(x) = x*(1 = x)7f (x) (14)
The following dimension is used for the NUFA method as reported by Ikot et al. (2021)

A= Jepm + 6, + 1, (15)
o=+ E+A§+A,, (16)
where

As =680+ 61+ 85 Ay =n9+1,+1; (17)

The energy eigenvalue for the ARP subject to magnetic and an AB field is derived as:

2
2
60—52+7)1—1}2—<n+%+ /%+A5+A,7 '
Enm = _52_772"' 1 1 (18)
2(n+5+ /Z+A5+A’7>

Therefore, we substitute the values of the dimensionless parameters of equation (13) into equation (18); the solution
of the ARP subject to magnetic and an AB flux field is obtained as:

2,2 2

k. ) : 2_1 712
_ 2h2a? 2 1 2h% a2 zhzaz\a0_60}'4h2a2 (m+{aB) _Z_(n‘H{)
Enm = 225 (0m 4 64) = 3) + 60 = 25 oy (19)
o _1 2pwp(m+iap) | H2wh
where K =_+ \/(m +8ap)? + 53 (ag + by + ¢g) + FE AR 4 (20)
In d-dimensional non-relativistic energy solutions whenm = 0, where lis the rotational quantum number, equation
(19) reduced to:
272
ana? ﬁ(ao—bo)—(n+%+\](1+4v)+ﬁ(a0+b0+c0)>
B = Co - - s 1)
2<n+5+\/(1+4u)+m(a°+b°+C°))
where
= LDOI 4 14 p—2) (22)
Equation (21) is similar with equation (15) of Okorie et al. (2021).
The corresponding unnormalized wave function is obtained using equation (14), (15) and (16):
1 1
Ry (x) = Ny x/emm #0242 (1 _ )2 a4+ o ( i (—nn+ 20+ 0); 20 + 1 x)) 23)
where N, gives the normalization constant and ,F;(—n,n + 2(1 + 0); 24 + 1; x) represent the hypergeometric

function.

Thermo magnetic Properties of ARP Model

The thermo-magnetic properties of the ARP system are analyzed through the evaluation of its partition function. It is
well established that, within the canonical ensemble framework, the partition function is obtained by summing over
all possible vibrational energy levels accessible to the system (Servatkhah et al., 2020);

_ 1
Z(B) = Tyt e~Fiwm, p = @49
where kz = Boltzmann constant and T is absolute temperature, E,,, is the energy on the nth bound state. Equation

(19) can take the form;
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_ _ 21%a? [A,—(n+R)?
En = 4y — 225 [0 (25)
2p2 , 1

4, = ((m + Qup)” — Z) + Co

4, = 2h2a2 (ap — co) + 42 hz B —(m+ {45)* -+
(26)

Put equation (25) into equation (24) we obtain

h2a?(A;—-(n+R)
o —3[41—2 m < 2z(n+K) )
Z(B) = Yimart e 27

where gives the maximum value of the quantum number
obtaining by setting the derivative of equation (25) to
ZEero.

Classically, we replace the summation of equation (27)

with an integral of the form, (28)
~ 22,2 2 a2
Y:hZ#AZ,X ’““‘2+A1,1— (29)

Mathematica software is used to evaluate equation (28)
and the expression of the partition function becomes:
e_yﬁ_zgx/ﬁnErf[(ﬂ_,.e‘w—.(2_)—(17+e49+1'1_)]

Z(B) = - T8 max
(30)
where 9 = \/T\/T
0, = T L oRJTTR 0. - 2R/-JB
+ = 2KV =]+~ ~Jpn N Rt rmar; {\_/—Yi\/_maxmax
(31)

Equation (30) serves as the fundamental distribution
function from which various thermodynamic and
magnetic properties of the ARP system are derived.
These include the free energy, internal energy, specific
heat capacity, and entropy. The magnetization at finite
temperatures and magnetic susceptibility at finite
temperatures are also included. Furthermore, the
corresponding thermodynamic and magnetic functions,
as well as the magnetization and magnetic susceptibility
at zero temperature, can be evaluated using the
following expressions (Koscik & Okopinska 2007;
Elsaid et al., 2020);

Free energy F(B) = — l InZ(B)

oF ( )
Entropy S(B) = —kg aﬁﬁ
Internal energy U(B) = 9 l’;;(ﬁ)

oU(B)
B

Specific heat capacity C, (B) = kg

Magnetization at finite temperatures

Imrana et al.,
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u® =5 (5) (55)

Magnetic susceptibility at finite temperatures x,,(8) =
oM(B)

B
Magnetization at zero temperature in a state (n,m)

BM( )
AGEES
Magnetic susceptibility at zero  temperature
M (wp,{aB)
Xnm(@g, Cap) = a;+m
RESULTS AND DISCUSSION

In this study, we analytically solved the 2D Schrédinger
equation with the Attractive Radial Potential (ARP)
using the Nikiforov-Uvarov Functional Analysis
(NUFA) approach. The closed-form energy spectrum
and the associated unnormalized wavefunction appear in
Egs. (19) and (23). The numerical computations were
performed with the following arbitrary parameter
values:ag = 6,y = ¢y =3,a=05andh=pu=1t=1.

Energy eigenvalue

Figures 1(a—d) present the variation of the energy
eigenvalues of the Attractive Radial Potential (ARP)
model as functions of the external magnetic field and
Aharonov-Bohm (AB) flux field. In Figures 1(a) and
1(b), the energy eigenvalues are observed to decrease
with increasing external magnetic field under varying
AB flux parameters for the cases when m = n = Oand
m =n = 1. Both cases reveal a consistent influence of
the AB flux field on the energy spectra. Similarly, in
Figures 1(c) and 1(d), the energy eigenvalues decrease
as the AB flux parameter increases for different values
of the external magnetic field. These cases also exhibit a
uniform influence of the external magnetic field on the
energy levels. Figures 2(a—d) illustrate the dependence
of the ARP model’s energy eigenvalues on the principal
quantum number (n)and magnetic  quantum
number(m). In Figure 2(a), the energy eigenvalues
decrease with increasing principal quantum number for
various AB flux parameters. In Figure 2(b), a similar
decreasing trend is observed as the principal quantum
number increases under different external magnetic
field. Furthermore, Figure 2(c) shows that the energy
eigenvalues decrease as the magnetic quantum number
increases for varying AB flux parameters, while Figure
2(d) indicates a comparable behavior with increasing
magnetic quantum number under different external
magnetic field strengths.
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Magnetization and Magnetic Susceptibility at Zero
Temperature

In Figures 3(a—d), the magnetization of the ARP system
at zero temperature under the influence of an external
magnetic field and Aharonov-Bohm (AB) flux field is
illustrated. Figures 3(a) and 3(b) present the variation of
magnetization with respect to the external magnetic
field (wp) for different values of the AB flux
field(¢4p). It is observed that the magnetization
increases monotonically as the external magnetic field
(wg)increases. Beyond a particular value of the external
magnetic field, the energies begin to decrease and this
behavior remains consistent across all considered cases
when m = n = 0andm = n = 1. Figures 3(c) and 3(d)
depict the magnetization plot against AB flux field
(¢4p)for varying external magnetic field(wg). The
results show that magnetization decreases with
increasing external magnetic field (wg)for m =n =
Oandm =n=1. Moreover, the magnitude of
magnetization is higher when both AB flux and the
external magnetic field are simultaneously present or at
higher values in the system. Figures 4(a—d), display the
magnetic susceptibility of the ARP at zero temperature
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under the combined influence of an external magnetic
field and AB flux field. In Figures 4(a) and 4(b), the
magnetic susceptibility is plotted against the external
magnetic field (wg)for different AB flux field
({4p)values. The plots indicate that magnetic
susceptibility decreases monotonically as the external
magnetic field (wg) increases, particularly for m = n =
Oandm =n=1. In Figure 4(c), the magnetic
susceptibility exhibits a nearly linear trend as the AB
flux field ({4p) increases for different values of the
external magnetic field(wg). However, at low AB flux
values, a sharp initial rise is observed before a gradual
decline at higher flux values. Generally, the magnetic
susceptibility ~ decreases  with  increasing AB
flux(wg)whenm = n = 0. Figure 4(d) further examines
the effect of the AB flux field ({45) on the zero-
temperature of magnetic susceptibility for varying
external magnetic field(wg). It is evident that the
magnetic susceptibility first increases and reach a
particular point before decreasing as the AB flux field
({4p) increases, especially whenm =n = 1.
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Figure 3: Plots of Magnetization at zero temperature against (a-b) External Magnetic Field wg varying AB flux (,p

andwg. (c-d) AB flux {4p varying wg
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Partition function

Figures 5-9 present the graphical behavior of various
thermodynamic quantities-namely the partition function,
Helmholtz free energy, entropy, internal energy, and
specific heat capacity of the Attractive Radial Potential
(ARP) system under the influence of external magnetic
and Aharonov-Bohm (AB) flux fields. In Figure 5(a),
the partition function Z (wg, {4, ) is plotted against the
external magnetic field wp for a fixed value of the AB
flux field {4g at different temperaturesfS. The results
reveal that the partition function increases
monotonically with increasing external magnetic
fieldwg. Moreover, at higher temperaturesf§ = 0.06, the
partition function Z(wg, {4, B) rises more significantly,
showing that temperature enhances the statistical weight
of accessible energy states when AB flux field {5 is
fixed. Figure 5(b) illustrates the variation of the partition
function Z(wg, {ap, f) with the AB flux field {sgfor a
fixed value of external magnetic field wg varyingf3. The
decreases in partition function Z(wg, {45, f) due to the
increased in AB flux field{,g, shows that the AB flux
field attains to suppress the thermodynamic activity of
the system. This trend is consistent within all
temperature ranges considered, signifying that the AB
field exerts a uniform moderating effect on the partition
function.

51

Figure 5(c), shows the plot of partition function
Z(wg, {sg, B) as a function of temperature [ varying
magnetic field strengths wg at a fixed AB flux field{,p.
The plot revealed that the partition function
Z(wg, (s, ) increases steadily with temperature f in
the region2.0 < f# < 3.0, reflecting enhanced thermal
excitations. However, beyond a certain temperature
range0.5 < f < 2.0, the partition function becomes
nearly constant, suggesting saturation of accessible
energy states. Additionally, an increase in the magnetic
field wz tends to reduce the partition
functionZ (wg, {ag, ), demonstrating the field’s
restraining effect on the system’s thermodynamic
response. Figure 5(d) depicts the dependence of the
partition function Z(wg, (s, f) on temperature [for
different AB flux field {4pvalues at a fixed magnetic
fieldwg. Initially, the partition function Z(wg, {sp, B)
remains nearly constant with temperaturef, but all the
curves converge at a temperaturefS = 0.6, after which a
simultaneous and pronounced increase in the partition
function Z(wg,{ag,B) is observed. In the
pseudoconstant  region, the partition function
Z(wpg,(ap,f) is lower for higher AB flux values;
however, beyond this region, it increases with rising(,p,
indicating that at elevated temperatures, the AB flux
field enhances the system’s partition function.
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The Helmholtz free energy for the Attractive Radial
Potential (ARP) system in the presence of Aharonov-
Bohm (AB) flux and external magnetic fields is
depicted in Figure 6. In Figure 6(a), the variation of
Helmholtz free energy F(wg, {4, B) With respect to the
external magnetic field wg is shown for fixed values of
the AB flux field {ypat different temperaturesf. The
results indicate that free energy decreases as external
magnetic field increases, implying that a stronger
magnetic field reduces the system’s available free
energy, thereby lowering its thermodynamic potential.
Figure 6(b) illustrates the dependence of the Helmholtz
free energy F(wg,{ap, f) on the AB flux field {ypfor
fixed external magnetic field strengths wp while varying
temperaturefS. It is observed that free energy increases
progressively with increasing AB flux field, indicating
that the AB flux enhances the system’s stored energy
and contributes to the rise in free energy.

In Figure 6(c), the Helmholtz free energy F(wg, (s, B)
is plotted against temperature § for different magnetic
field values at a fixed AB flux. The free energy exhibits
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a steady, monotonic increase with temperature,
suggesting that as the system gains thermal energy, its
free energy grows correspondingly. A consistent
influence of the magnetic field is observed forwgz =
0.05T, wg = 0.10T andwy = 0.15T, showing that the
external field uniformly affects the system’s energetic
response across the temperature range. Figure 6(d)
shows the wvariation of Helmholtz free energy
F(wg, {ap, f)with temperature [ for several AB flux
field values at a fixed magnetic field. The plot reveals
that free energy decreases with increasing temperature
when (g = 4and{,z =5, while the free energy
increases monotonically when{yg = 2. Furthermore,
free energy is generally higher at stronger AB flux
fields, even when the overall trend is declining. This
behavior suggests that an intense AB flux field can
significantly elevate the system’s free energy. The
observed decrease in free energy with temperature in
some cases can be attributed to thermal disorder
increases.
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Figure 6: Plots of Helmholtz free energy F(wg, {sp, B) as a function (a) External Magnetic Field wg varying {8 (b)
AB flux(,g varying f (c) Temperature § varying wg (d) Temperature § varying {sg

The entropy of the Attractive Radial Potential (ARP)
system in the presence of external magnetic and
Aharonov-Bohm (AB) flux fields exhibits a similar
trend to that observed for the Helmholtz free energy, as
shown in Figure 7. In Figure 7(a), the entropy
S(wg, {ap, B) is plotted against the external magnetic
field wp for fixed values of the AB flux field {,pat
different temperaturesfS. The plot reveals that entropy
decreases with increasing magnetic field, indicating that
a stronger magnetic field restricts the number of
accessible microstates and reduces the degree of
disorder in the system consistent with the behavior of
the Helmholtz free energy. Figure 7(b) presents the
variation of entropy S(wg, (a5, f)with the AB flux field
{agvarying temperaturesf at a fixed value ofwg. The
entropy of the system increases with increasing AB flux
field, which indicate that the AB flux affects the
system’s configurational disorder and gives rise to
greater thermodynamic behavior, showing the same
trend in the free energy.
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In Figure 7(c), entropy S(wg,{sp, B)is plotted as a
function of temperature  for a fixed AB flux field
varying magnetic field. The entropy of the system depict
a monotonically increase with temperature, indicating
that higher thermal energy influence molecular agitation
and disorder from the system. A uniform influence of
the magnetic field is observed across the examined
temperature range, similar to the consistent effect seen
in the Helmholtz free energy plots. Figure 7(d) shows
the variation of entropy S(wg, {ap, f)With temperature
for different AB flux field values at a fixed magnetic
field. At lower temperatures, entropy decreases slightly
with increasing temperature 8 at higher AB flux values
but increases steadily for lower AB flux intensities. The
overall pattern is analogous to that of the Helmholtz free
energy, where an intense AB flux field amplifies both
entropy and free energy. This similarity confirms the
close thermodynamic relationship between the two
quantities, as both are influenced by the combined
effects of temperature, magnetic field, and AB flux in
nearly identical ways.
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Figure 8 illustrates the variation of the internal energy of
the Attractive Radial Potential (ARP) system under the
combined influence of external magnetic and Aharonov-
Bohm (AB) flux fields. In Figure 8(a), the internal
energy U(wg, {ap,B) is plotted as a function of the
external magnetic field wp for fixed values of the AB
flux field {jgat different temperaturesfS. The results
show that internal energy decreases with increasing
magnetic field, indicating that the application of a
stronger magnetic field reduces the system’s total
internal energy due to the lowering of energy state
occupancy. Figure 8(b) presents the variation of internal
energy U(wg, {ap, B) with the AB flux field {sgfor fixed
external magnetic field wgvalues while varying
temperatureff. It is observed that internal energy
increases with increasing AB flux field, suggesting that
the AB flux field enhances the energy levels of the
system and contributes to higher internal energy values.
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Figure 8(c), shows the plot of the internal energy
U(wg, {ap, B) against temperature f for a different
value of magnetic field, at constant AB flux field. The
result depict that the internal energy decreases linearly
with increasing temperature, which reveal that thermal
excitation in the system contribute to a redistribution of
energy levels within the possible available states, as a
result in a gradual decline in the total internal energy of
the system. The same behavior is observed across all the
values of magnetic field consider, which indicates a
consistency in thermal activity. Figure 8(d) shows the
plot of the internal energy U(wg, (s, f)against
temperaturef§ for different value of AB flux field at
constant magnetic field. The plot demonstrates a steady
decrease in internal energy as the temperature parameter
Pincreases. This relationship confirms that the internal
energy diminishes at lower temperatures and is
significantly influenced by the strength of the AB flux
field.
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Figure 8: Plots of Internal Energy U(wg, {55, B) as a function of (a) External Magnetic Field wg varying 3 (b) AB
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Figure 9 illustrates the specific heat capacity
Cy(wg, {ap, B)of the ARP system under the influence of
both the Aharonov-Bohm (AB) flux and external
magnetic fields. In Figure 9(a), the specific heat
capacity is plotted against the external magnetic field
for fixed values of the AB flux field at varying
temperatures. The result shows that the specific heat
capacity increases linearly with increasing external
magnetic field. Figure 9(b) presents the variation of
specific heat capacity with the AB flux field for fixed
values of the external magnetic field at different
temperatures. It is observed that the specific heat
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capacity decreases as the AB flux field increases. In
Figure 9(c), the specific heat capacity is plotted as a
function of temperature for different values of the
external magnetic field while keeping the AB flux field
constant. The plot reveals a monotonic increase in
specific heat capacity with rising temperature. Similarly,
Figure 9(d) shows the dependence of the system’s
specific heat capacity on temperature for different
values of the AB flux field at a fixed external magnetic
field. The specific heat capacity increases consistently
with increasing temperature.
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Magnetization and Magnetic Susceptibility at Finite
Temperature

Figure 10 presents the plots of magnetization at finite
temperature for the Attractive Radial Potential (ARP)
system under the influence of external magnetic and
Aharonov-Bohm (AB) flux fields. In Figure 10(a), the
magnetization at finite temperature M(wg, {s5,f) is
plotted against the external magnetic field wp for fixed
values of the AB flux field {ygat different
temperaturesff. The results show that M(wg, (g, 5)
increases linearly with increasingwp, indicating that the
external magnetic field strengthens the magnetic
response of the system due to enhanced spin alignment
at finite temperature. Figure 10(b) depicts the variation
of magnetization M (wg, {45, ) with the AB flux field
{ppfor fixed external magnetic field wp at varying
temperaturef3. The linear increase ofM (wg, (s, ) With
increasing(,p, is observed. The result suggests that the
AB flux field influence positively to magnetization of
the system. This characteristics behavior is the same
with the results obtained at zero temperature, to confirm
the persistent effects of the AB flux field on magnetic
behaviour of the.

In Figure 10(c), the magnetization at finite
temperatureM (wg, (a5, B) 1s plotted as a function of
temperature 8 for different external magnetic field
strengths wp at a fixed AB flux field{yz. The results
reveal that M(wg, {45, ) decreases with increasing
temperaturef3, indicating that thermal agitation weakens
magnetic ordering by randomizing spin orientations.
Finally, Figure 10(d) shows the magnetization at finite
temperatureM (wg, {ap, f) as a function of temperaturefs
for different AB flux field {ygvalues at a fixed external
magnetic fieldwg. The plots demonstrate that
M (wg, (g, B) decreases with increasing temperaturefS
for all {sgvalues considered. This trend confirms that,
although both the magnetic and AB flux fields enhance
magnetization, thermal effects at higher temperatures
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tend to suppress it by reducing the degree of spin
alignment within the system.

Figure 11 presents the plots of magnetic susceptibility at
finite temperature for the Attractive Radial Potential
(ARP) system under the influence of external magnetic
and Aharonov-Bohm (AB) flux fields. In Figure 11(a),
the magnetic susceptibility at finite
temperature,yy (wg, {ap, f), 1s plotted against the
external magnetic field wp for fixed values of the AB
flux field {,pat different temperaturesf. The results
indicate that yu (wg, {ag, f) decreases with increasing
temperature, implying that thermal agitation weakens
the system’s magnetic response. However, at higher
magnetic field, the system becomes saturated, which
indicate a limited susceptibility beyond a certain value
ofwg. The result also reveals that the system
predominantly indicates a paramagnetic property at
Xu(wp, {ag, f) > 0 within the range value ofwg,
consistent with the zero-temperature results. In the
region0.07 < wp < 0.8T the results of the curves f =
0.04andf = 0.06 shows nearly constant pattern and a
sharp increase is observed beyondwg = 0.8T.

Figure 11(b) reveals the magnetic susceptibility
Xu(wg, {ap, f) against AB flux field {,pat constant
values of the external magnetic field wp varying
temperatureff.  The  results shows that as
{agincreases, Yy (wg, {ap, B)) decreases linearly,
demonstrating that a stronger AB flux suppresses the
magnetic response of the system. However,
xm(wg, {ap, B) increases with rising temperature,
reflecting  enhanced thermal contributions to
magnetization. The system exhibits diamagnetic
behavior for f = 0.04 andf = 0.06, while a slight
paramagnetic tendency is observed atff = 0.02.

In Figure 11(c), the susceptibility xu(wg,{ap, ) 1s
plotted against temperature B for different external
magnetic field strengths at a fixed AB flux field{,g. The
plot shows thatyy (wg, {ag, B), decreases monotonically
with increasing temperature, confirming that thermal
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effects weaken the magnetization of the system.
Similarly, the susceptibility decreases as wp increases,
indicating that stronger magnetic fields tend to stabilize
the spin orientations, thereby reducing the overall
response. This variation of yu(wg,{ap, f) with
temperature reflects a diamagnetic behavior across the
different wp values considered.

Finally, Figure 11(d) displays the magnetic
susceptibility  yy(wg, {ag, f) as a function of
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temperature for different AB flux field values at a fixed
external magnetic field. The results show that
xm(wg, {ap, ) increases gradually with temperature,
while it decreases with increasing AB flux field
strength. ~ This  inverse  relationship  between
xm(wg, {ap, B) and {jpagain indicates diamagnetic
behavior, implying that the AB flux field opposes
changes in the system’s magnetic moment, particularly
at higher flux intensities.
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Figure 10: Plots of Magnetization at finite temperature M(wg, {45, B) as a function of (a) External Magnetic Field
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Figure 11: Plots of Magnetization at finite temperature Xy (wg, {55, B) as a function of (a) External Magnetic Field
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CONCLUSION

In this research manuscript, we analytically solve the 2D
non-relativistic Schrédinger equation for the Attractive
Radial Potential (ARP) model influenced by Aharonov-
Bohm flux and external magnetic fields using the
Nikiforov-Uvarov ~ Functional = Analysis (NUFA)
approach. Based on the derived energy eigenvalues, we
further calculate key thermo-magnetic quantities such as
free energy, internal energy, specific heat capacity,
entropy, magnetization, and magnetic susceptibility.
Our result shows that the combine influence of the AB
flux and magnetic field significantly affects energy
spectrum of the system and its thermodynamic
properties. The result also reveals that the energy
eigenvalues decreases with an increase in AB flux and
magnetic fields. The partition functions of the system
and thermodynamic quantities show strong temperature
response, for low temperatures value.

The free energy and entropy shows a uniform trend, by
decreasing with increasing magnetic field and AB flux
field strength. This trend suggests that the AB flux
contribute to disorder and energy storage capacity in the
system. The internal energy of the system decreases
with temperature as well as magnetic field, confirming
that higher external fields in the system enhance the
accommodation of energy state in the system.
Meanwhile, the specific heat capacity of the system also
displays a peak value, behavior with discrete energy
levels, which makes the transition between low- and
high-temperature regimes.

Additionally, the investigation of magnetization and
magnetic susceptibility shows that both quantities
increase with magnetic field and AB flux but decrease
with temperature due to thermal agitation. The system
considers exhibits predominant paramagnetic properties
at low AB flux and temperature turn to weak
diamagnetism under high AB flux conditions. The
results of this study can be extended to molecular
physics (Okorie et al., 2021).
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